
XIII. DAMPED OSCILLATIONS, RESONANCES

A. Linear differential equations

The equation
n∑

k=0

gk(t)y
(k)(t) = f(t)

where gk(t) and f(t) are given functions is called n-th order linear differential equation. If

f(t) = 0 then the equation is called homogeneous otherwise it is inhomogeneous differential

equation. We are looking for the solution of this equation which satisfies the

y(k)(t0) = y
(k)
0 (k = 0, . . ., n− 1)

initial conditions.

The homogeneous equation has n linearly independent solutions ϕi(t) (i = 1, . . ., n. The

solution of the inhomogeneous equation can be written in the form

y(t) =
n∑

k=0

akϕk(t) + φ

where ak are constants and φ is a particular solution of the inhomogenous equation. This is

called general solution.

If the coefficients are constant (gk(t) = ck), then the solution can be written as

y(t) = Aeλt

substituting the into the homogeneous equation we get the

n∑
k=0

ckλ
k = 0

characteristic equation.

B. Linear oscillator

Equation of motion

mr̈ + Dr = 0

Characteristic equation

mλ2 + D = 0 → λ1,2 = ±iω (ω =
√

D/m)
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General solution

r(t) = A1e
iωt + A2e

iωt

The initial condition

r(0) = r0 = A1 + A2

v(0) = v0 = iω(A1 −A2).

from these equations:

A1 =
1

2
(r0 + v0/(iω)) A2 =

1

2
(r0 − v0/(iω))

and then

r(t) = r0cos(ωt) + v0ωsin(ωt)

C. Damped oscillator

Equation of motion

mr̈ + βṙ + Dr = 0

The characteristic equation (the roots of ax2 + bx + c = 0 are (−b±
√

b2 − 4ac)/(2a)

mλ2 + βλ + D = 0 → λ1,2 = −κ± σ

where

κ =
β

2m
σ =

√
κ2 − ω2

If σ 6= 0 then there are two independent solutions

A1e
λ1t A2e

λ2t

If σ = 0 then there are two independent solutions

A1e
−κt tA2e

−κt

Using the initial velocity and position (note: shx = (ex− e−x)/2 and chx = (ex + e−x)/2)

r(t) =

 e−κt(r0(ch(σt) + κ
σ
sh(σt)) + v0

σ
sh(σt)) for σ 6= 0

e−κt(r0(1 + κt) + v0t) for σ = 0
,
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defining ωc =
√
|ω2 − κ2|, there are two cases, σ = iωc or σ = ωc

r(t) =


e−κt(r0(cos(σt) + κ

σ
sin(σt)) + v0

σ
sin(σt)) for ω2 > κ2

e−κt(r0(1 + κt) + v0t) for ω2 = κ2

e−κt(r0(ch(σt) + κ
σ
sh(σt)) + v0

σ
sh(σt)) for ω2 < κ2

Note that the due to the e−κt damping factor

r(t→∞) = 0

For ω2 > κ2 we have

r(t) = (r0sin(ωct + δ) + v0ωcsin(ωct))Ae−κt

where

A = ω/ωc tgδ = ωc/κ

For ω2 < κ2 we have

r(t) = (r0sh(ωct + δ) + v0ωcsh(ωct))Ae−κt

where

A = ω/ωc thδ = ωc/κ < 1

Note: δ phase difference, damped oscillations.

D. Forced oscillator

Equation of motion

mr̈ + βṙ + Dr = F0cos(Ωt)

It is easier to solve the complex equations:

mr̈ + βṙ + Dr = F0e
iΩt

(the two equation is identical and equivalent assuming that F0 has a vanishing imaginary

part). The solution is of the form

r(t) = rh(t) + rp(t)
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where rh(t) is the solution of the homogeneous equation and rp(t) is a particular solution.

The solution of the homogeneous equation is given in the preceeding section, now we are

looking for the particular solution in the form

rp(t) = ceiΩt

and by substituting this into the differential equation

(−Ω2 + 2iΩκ + ω2)c = F0/m.

Defining

Λeiδ = −Ω2 + 2iΩκ + ω2

that is

Λ =
√

(ω2 − Ω2)2 + 4κ2Ω2 tgδ =
2κΩ

ω2 − Ω2

(Note: Polar representation of complex numbers: reiφ = u + iv then r2 = u2 + v2 and

tgφ = v/u.) Therefore

c =
F0

mΛ
e−iδ

and

rp = Re

[
F0

mΛ
ei(Ωt−δ)

]
=

F0

mΛ
cos(Ωt− δ)

or

rp = Acos(Ωt− δ) A =
F0

m
√

(ω2 − Ω2)2 + 4κ2Ω2

Note: Both the amplitude A and the phase δ depends on the driving frequency Ω! The

maximum of the amplitude is at

∂A(Ω)

∂Ω
= 0 → Ωmax =

√
ω2 − 2κ2

where

Amax = A(Ωmax) =
F0

mκ
√

ω2 − κ2
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