XII. SMALL OSCILLATIONS: EXAMPLES

A. Pendulum

1 .
L=T-V = §ml2d)2 + mglcoso

Equilibrium:
88_‘; = mglsing = 0
that is ¢g = 0 the equilibrium position.
0?V
Ti=m V- (WL — (mglcoss),,, = mg!
0

The Lagrange equation for small n = [¢ displacement:

Tyij + Vi = mh’+m%n —0

Substituting
n = Acos(wt) 4+ Bsin(wt)

the normal frequency is

B. Pendulum with an elastic string

The Lagrangian is

. 1
L=T-V= %(xQ + 22¢*) + mgxcosd — ED(x —1p)?

where the generalized coordinates
q=(z,9)
The equilibrium that is
4, = (lo +mg/D,0)

The kinetic energy matrix



The potential energy matrix

v D mgsing D 0
mgsing mgrcoseo 0 mg(lp +mg/D)
9
(Note that this is a very special case: Both T and V are diagonal, we do not have to

diagonalize them). The normal frequencies can be calculated from

) D —w*m 0
det(V —wT) = =0
0 mg(ly +mg/D) — w?*m(ly +mg/D)?

and the two normalfrequencies are:

/ 9
= D = _
1 fm @ \/ lo +mg/D

C. Double pendulum

The Lagrangian:

1 1 . o
L= §(m1 +my)l§¢7 + §m2l§¢§ + malylady pacos(P1 — ¢a) + (M +ma)glicoser + maglacosps

the generalized coordinates

q= (¢1, P2)

Equilibrium:
oV . ov :
87151 = (my + mg)glising; 8752 = Maglasings

that is
q= (0,0); (0, ); (7, 0); (m, )

(The last three are not too meaningful). The kinetic energy matrix

(m1 + mg)l% mglllz

T —
m2l1l2 ml%Q
The potential energy matrix
v (m1 + mg)glicosg 0 [ (mit+ma)gly 0
0 Mo glacosps 0 maglsy
q



From

det(V — w’T) =0

we obtain the eigenfrequencies

w . mi + Mo ll + lQ 14 1— mq 4[112
1,2 mq g 2[1[2 ma + mo (ll + l2)2 ’

D. Coupled pendulums

Two pendulums coupled with a spring, the first pendulum is at position #; the second is

at 6. For small displacements:
r; = (Isinfy, —lcosh1,0) 1o = (do + Isinfy, —lcosbs, 0)
The change in the length of the spring is
d — dy = lsinfy — [sinf,

The potential energies

Vi = —mglcost; Vo = —mglcosts,

the potential energy of the spring is
1 2
Vs = §k(d —dp)?,

The potential energy of the system is

1
V =V + Vo + V, = —mglcost, — mglcosty + §k(d —dy)?

In equilibrium ¢; = ¢ = 0. Denoting the small displacements by

m = l¢y N2 =l

we have
lsin¢1 ~m lsin¢2 ~ 1),
and
1, 1,
lcosgr =~ 1 — 5 lcosgy ~ 1 — YL



(where we had to go up to second order because we need the second derivatives of the
potential energy matrix). By using these equations, the potential energy is equal to

_ 1mg

1
= 5707% +115) + Sk(m —n2)* — 2mgl

V
2

The kinetic energy
1 . . 1 . .
T = om(I67 + 1263) = Sm(ii +})

PV
V. e
" <077j0m>m,

The potential energy matrix is

v k+mg/l  —k
-k k+mg/l
The kinetic energy matrix is
[ m 0
B 0 m

The equation of motion:

2
Z (Tixii — Vignk) =0 (j=1,...,s)

k=1

Assuming the solutions in the form

;i = piexp(iwt)

the equation of motion becomes

(V. —w*T)p =0.
The determinant of V. — w?T is
det(V — w’T) = m*w* — 2mw?(k + mg/l) + (k + mg/l)* — k* = 0.

The roots of this (quadratic) equation are given by

wi =g/l  ws =g/l +2k/m

(The first frequency is that of a single pendulum). By substituting these eigen frequancies

in to the equations of motion we can solve the equations for p;. From

mg/l + k — mw? —1 ' 0

—k mg/l + k — mw? Pi2 0



we have

Bl:\/2m 1 B2 = 2m \ 1

Using these eigenvectors we can construct a matrix

1 11
X=—=
Vvam \ 1 -1

This matrix diagonalizes both V and T

2.0
Xvx=|" ) (1)

The normal coordinates:

1 1 1 m 0 +
f=XTTp=—— o VALY (3)
- T ov2m\1 -1 0m) \ m 2\ ny—m

E. Longitudinal motion of N particles connected with springs

We have N particles on a line connected by springs. The first and last particle connected
to fixed endpoints through springs. The displacement of particles from the equilibrium

position is n; (¢ = 1,..., N. The Lagrangian
1 & 1 &
L= 577127% —3D > (i1 —m)
i=1 i=0
The endpoints are fixed: 179 = 0 and ny41 = 0. The equations of motions

mij; — k(g1 — i) + k(i —ni-1) =0

Note: Coupled to the neighbors only!

F. Transverse motion of N identical masses

N identical masses equally spaced on a massless sting. If a mass is out of equilibrium by

an infinitesimally small x displacement perpendicular to the relaxed string then the tension

5



force acting on that mass is

s

where a is the distance between the masses and « is the angle of the string measured from

F(z) = —1sina ~ —7

the relaxed position. The potential energy

Vi) = /;F(x/)dx’ - T/Ox ﬁdy — (VT @ —a)

For small x

VT = ay/ T el ~ all + 1)

242
1
Ulx) = Va2 +a? = §Zx2
a
For the N mass system
17 &
U(ry,...,7Nn) = 2a 2@#1 - xi)z

Analogue to the previous example.



