I. KINEMATICS: TRANSFORMATION OF COORDINATE SYSTEMS

Let e; and €] (i = 1,...3) two orthonormal basis sets defining two coordinate systems.
We allow €] to be time dependent, but e; is fixed in time:

_ dei
Cdt

€; = 0.

A position vector r can be represented in both coordinate systems as

3
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i=1 j=1

the components in the two representations will be denoted as
r=(ri,ra,r3) 1= (ry,rh,r3)

The components are not independent
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T, = Tjei . ej = Cijrjy
j=1 j=1

where the basis transformation matrix is

/
Oij = €; -ej

and
3
e;. = Z(szei r=Cr!
i=1
Due to the ortonormality of the basis

Cl'=0CT  detC = +1.

The time derivative of the €} basis vectors can be expressed as a linear combination of the

e;- basis vectors:

where

By calculating the time derivative of



one obtains
0=¢;-¢e+e- & =F;+ I
which means that Fj; is antisymmetric

Fyj = —Fj.

A 3x3 antisymmetric matrix has three independent elements (the diagonal must be zero and
only the lower or upper triangle is filled with independent elements), so we can write it in
the form:
0 —ws wo
F = w3 0 —w -
—Wwy W 0
The time derivative of the position vector in the two coordinate systems is represented

by the components

v = (U17U27U3) v = (Uiavéavé)

In the e; system
3
v:i':Zh-ei that is v=r

i=1
In the €] system

3 3
h:§ﬁ¢+§7¢;mm1sg:ﬂ+Fg
=1 i=1

The last expression can be written in a more elegant form:

QLIZT_I_FQXT_/? gz(wlaw%wi’))'

Using this equation, one can easily calculate v

!/

d=04+wxv

=i 4+ 2w x

A. Example: Cartesian coordinate system

e, = (1,0,0)
e, = (0,1,0)
e, = (0707 1)



B. Example: Polar coordinate system

Basis vectors:

e, = cospe, + singe,
e; = —singe, + cosge,
e, =e,

r=re, 1 =(r00)

Basis transformation

cos¢ —sing 0
C=| sing coso 0.
0 01

0 -0

F=|¢ 00.

0 00

w = (0,0,9)

V= (i,rd,0)  d = (F—rd? 27 +1rd,0)

C. Example: Spherical polar coordinate system

Basis vectors:

e, = sinfcosge, + sinfsinge, 4 cosbe,
ey = costicosge, + cosfsinge, — sinfe,

e, = —singe, + cosge,

r=re, 1 =(r0,0)



basis transformation

sinfcos¢ cosfcosgp —sing
C = | sinfsing cosfsing cose -
cost —sinf 0
w = (¢cosh, —psind, 6)
v’ = (7,0, r¢sinb)

a = (F— r6% — r¢?sin0, 270 + 1 — r¢*sinfcosh, 27-¢sind + rdsind + 27‘@390059)



II. DYNAMICS: BASIC PRINCIPLES

A. Newton’s laws

(i) In the inertial frame, every body remains at rest or in a uniform motion unless acted on
by a force F.

F =0= p = constant

(ii) Application of a force alters the momentum
F=p
(iii) To each action there is an equal and opposite reaction
Fio=-Fy

(iv) Superposition of forces

F=)F,

i
B. Conservation laws

Linear momentum conservation
F =0 = p = constant

Angular momentum conservation

L=rxp

L=rxp+rxp=rxF=T

(T is the torque).
Beware!

L:(r_rO)va

where rg is the origin of the reference frame. L depends on the choice of the coordinate

system.

Work: )
WlHQ = / F(I‘) -dr
1
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the integral is along a line: r = r(o)

2
d
Wl_,z = / F(I‘) . —rdO'
1 do
Conservative forces:
F(r) = -VU(r),

(where U is called potential). Alternative definitions:
VxF(r)=0

2
/ F(r)-dr =0 for all closed paths
1

Work in case of conservative forces:
2 2
Wlﬁgz—\/ VU(I‘)dI':—/ dU(I’):Ul—UQ
1 1

Kinetic energy

Time derivative of the kinetic energy
T =mvv =Fv
Energy conservation: By integrating this equation between times ¢; and ¢,
Lo 5 1 5

Wio = gMVI —gmvy Vi = v(ty) vy =v(ta).



